Trigonometry

1. Simplify the expression: sin (g + x) + cos(m + x)
(A0 (B)2cosx (C)—2cosx (D)2sinx (E) NOTA

Solution: sin (g + x) + cos(m +x) =cosx —cosx =0

Answer: (A)

2. Ifsin26 =g and 0 <0 < g,what issinf + cos 9 ?
(A): (B) ©):2 (D)= (E) NOTA

Solution: Since sin20 = 2sin 8 cos 8 = g we have

(sin9+cosl9)2=1+Zsin6c059=1+£=% . Also, both sin8 and cos8 are

positive, so sinf + cos 8 = %

Answer: (A)
3. Foragivenangle @, find the value of cosé@ if tanﬁz% and sin@<0.

A2 ®-: ©F O-L  (E)NOTA

Solution: Since tan @ is positive and sin 8 is negative, @ is an angle in the third quadrant,

which produces the cosine value of it negative. Therefore, cos 8 = — ?

Answer: (D)

4. Which of the following parametric equations represent the elliptic equation
25(x —3)% + 4(y + 1)? = 100?

(A)x=5cos6 +3, y=2sinf —1
(B)x =5sinf —3, y=4cosf +1
(C)x =2cosf +3, y=>5sin6 —1
(D)x =2cosf —3, y=>5sinf +1
(E) NOTA



(x=3)* | (y+1)?

25

y+1

Solution: + =1,s0let cos§ = ’%3 and sin 6 =

Answer: (C)

5. Which one of the following is positive value when the point P(—4,5) is on the terminal
side of angle 8 in standard position?

(A) sin 6 cos 0 (B) cscHtan 6 (C)tan B sin b (D)sin 8 sec 8
(E) NOTA

Solution: Since the angle 8 is in the second quadrant, only sin 8 and csc @ are positive and
the others are negative. All values listed above are the products of positive and negative,
so they are all negative.

Answer: (E)

6. Evaluate Y189 cosn°.
(A)0 (B) 1 (C) 2 (D) —1 (E) NOTA

Solution: cos(1°) = — cos(179°), cos(2°) = —cos(178°), -+, SO
Y180 cos n° = cos(180°) = —1.

Answer: (D)

7. 1f sin @ and cos 6 are two roots of an equation x2 + ax + b = 0 for some angle 8, which
of the following has to be always true?
(A)a? + 2b = —1

(B)a?—-2b=1
(C)a?—-4b =1
(D)a? + 4b = —1
(E) NOTA

Solution: By Vieta’s Formula sin 8 + cos 8 = —a and sin 6 cos 6 = b, so
a?—2b = (sinf +cosB)? — 2sinfcosf =1
Answer: (B)

8. Which one of the following is equal to
. (1 1 1 1
arcsin (E ) + arccos (E) + arctan (E) + arccot(g) ?



(A)0 8)% ©C)n (D)= (E) NOTA

Solution: arcsin G) and arccos G) are complementary, and so are arctan (%) and
arccot(%) .
Answer: (C)

9. Find the sum of all roots of the equation cos? x — sinx = 1 where 0 < x < 2.

e (B) (C) 27 (D)= (E) NOTA
Solution: The equations is sin® x + sinx = 0. Either sinx = 0orsinx = —1,s0x =7
or
2
Answer: (D)

. . 51
10. Simplify arccos (cos 7) :
[ 3m 51 T
(A) B) © (D) -7 (E) NOTA

. 51 1 3
SOlUtIOI’]. darccos (COS —) = arccos (— —) = —.
4 V2 4

Answer: (B)

11. Which one of the following trigonometric expression is identical to cos x - (secx — cos x)?
(A) cos? x
(B) sin?x
(C) tan? x
(D) sinx cos x
(E) NOTA

. 1 .
Solution: cos x (secx — cos x) = cos (m — Cos x) =1—cos?x = sin’x

Answer: (B)
12. When cos 0 = — 133 , What is the value of cos 26?
25 50 144 119
(A) B) -5 © 1 D) - (E) NOTA

2
Solution: cos 260 = cos? 6 — sin?0 =2cos? —1=2 (—i) 1=
13 169

Answer: (D)



13. What is the value of sin (Zarcsin %) ?
E (B) X2 © %2 (2 (E) NOTA

Solution: Let & = arcsin % then sin 8 = é , and hence cos 8 = 23—‘/2

Now sin 20 = 2sin 6 cos = 2-§-¥:4T‘E

Answer: (C)

14. Given that sinx — siny = gand cosx + cosy = g find cos(x + y).
(A)= (B) - () — (D)5 (E) NOTA

Solution:(sinx — siny)? = 1 — 2sinx siny = g,

and (cos x + cosy)? =1+ 2cosx cosy =2;95.

By combining the two equations cos(x + y) = cos x cosy — sinx siny = —%.

Answer: (C)

15. Which of the following angles should satisfy the inequality
2C08x 4 zsinx < 2cosx+sinx +1°?

(A)36° B) 110° C) 292° D) 310° E) NOTA

Solution: The inequality yields 2€0s*.2sinx _pcosx _asinx 4+ 1 50  which is
equivalent to (2°°5* —1)(25"* —1) > 0. Thus, either cosx > 0 and sinx >0, or
cosx < 0 and sinx < 0. Finding an angle located in the first or the third quadrant, the
answer is (A).

Answer: (A)

16. Let f(x) = sinx and g(x) = cos x be two functions defined on [0,%]. Which of the four

functions, £(f(x)), f(g(x)), 9(f (x)), g(g(x)), are increasing over [06]?

(A) f(g(x)) and g(f (x))
(B) f(f(x)) and g(g(x))
(C) f(g(x)) and g(g(x))
(D) f(f(x)) and g(f (x))



17.

18.

19.

(E) NOTA

Solution: Note that f(x) is increasing on [0,%], and g(x) is decreasing on [0,%] where
ranges of both functions lie in [0,%]. Then the composition of an increasing function with

an increasing function or the composition of a decreasing function with a decreasing
function yields an increasing function on the given interval.

Answer: (B)

If tan @ + cot @ = 5, what is the value of csc? 6 + sec? 8 ?
(A) 2 (B) 5 (©) 23 (D) 25 (E) NOTA
Solution: tan? 8 + 2 + cot? 8 = sec? 6 + csc? 6 = 25

Answer: (D)

When the solution set of the equation
[sinx| + |2sinx| + |3sinx] =1 for x in [0,%] iswrittenas a < x < f3,

what is cos(a + ) ?

Ve 1
(A5 +-

6

(B) -3

6

©$+3

3

1

(D)L -1  (E)NOTA

Solution: Note that 3sinx > 1 and 2sinx < 1. Soés sinx < ; or equivalently,

1 .1
arcsing < x < g. Therefore a = arcsin - and g = g.

. . 1
cos(a + B) = cosacosf —sinasin 8 =5 573373 &

Answer: (B)

1

. - . . _ 5

Which of the following intervals can be a domain of the function f(x) vk

A-Z<x<X B)I<x<XZ C)Z<x<Z D) Z<x<X
3 3 3 3 6 6 6 6

(E) NOTA

Solution: 1 — 4sin?x > 0, so —% <sinx < % Solving the triangular inequality, we

. . . 5 7
obtain solution sets like —g <x< gor ?” <x< ?”

Answer: (D)



20.

21.

22.

Which pair of the following graphs coincide?

. s
a) y—3sm2(x—z)
b) y = —3sin2x
C) y =-—3cos2x

d) y=3c052(x—§)

(A)aand b (Bybandc (C)candd (D)aandc (E) NOTA

Solution: 3 sin 2 (x — g) = 3sin <2x — g) = 3sin(2x) cos (g) — 3 cos(2x) sin (g) =—
3 cos(2x)

Answer: (D)

Four points A, B, C, D lie on the circumference of a circle to form a quadrilateral. Let
a,B,y,6 denote four interior angles of the quadrilateral associated with A,B,C,D ,
respectively. Which of the following is NOT true?

(A) cosfcosd =sinfsind + 1

(B) sinacosy + cosasiny =0

(C) sina + cos?y =1

(D) cosff+cosd =0

(E) NOTA

Solution: Note that a +y =m and f+5 =mn. (C) and (D) follow from the fact
immediately. And sina cosy + cos asiny = sin(a + y) = sinm =0 which shows (B).
However, cos f cos § — sinfsind = cos(f + &) = cosm = — 1.

Answer: (A)

What is cot 80° cot 55° + cot 80° + cot55° ?
(A0 B) 1 ©) 2 (D) 3 (E) NOTA

tan 55°+tan 80°

Solution: Since tan135° = ——————
1—tan 55°tan 80°

=1,

tan 55° + tan 80° = —1 + tan 55°tan 80°. Now,



23.

1 1 1
cot 80° cot 55° + cot 80° + cot 55 = tan 80°tan 55° +tan80°+tan55°

_ 1+tan80° +tan55° 1+ (—1+tan80° tan55°)
- tan 80° tan 55° a tan 80° tan 55° a

1

Answer: (B)

Let a, be a sequence which represents the number of intersecting points of two graphs,

y = sinx and y = cos 2nx, over the open interval (0, 2m). Write the general term of the
sequence a, .

(A) 2n (B) 4n (C©)4n—-1 (D)8n—5 (E)NOTA

Solution: The period of the graph of y = cos 2nx is % , S0 there are 2n complete cycle of
cosine graphs between 0 and 27. Two graphs of y = sinx and y = cos 2nx are tangent
either at x = gwhen n isevenoratx = 37” when n is odd. Thus, the number of
intersections is 2(2n) — 1.

Answer: (C)

24. Which of the following is equal to the infinite sum

sin x + sin x cos® x + sinx cos* x + sinx cos® x + --- for x in (0,7) ?

(A) sinx (B) cscx (C) cosx (D) cos x (E) NOTA
Solution:
, . ) . sin x 1

sinx + sin x cos? x + sin x cos* x + sinx cos® x + -+ = = = cscx

1—cos?2x sinx

Answer: (B)

25. How many solutions to the equation cos?x — 3 cosx —4 = 0 are there on the open

interval (0, 2m)?
(A)1 (B) 2 © 3 (D) 4 (E) NOTA

Solution: Since cos?x —3cosx —4 = (cosx — 4)(cosx+1) =0 and —1 < cosx <
1 for all x, we have cos x = —1, and hence there is only one root , x = r on the interval
(0, 2m).

Answer: (A)

26. Aaron and Bill watch a drone flying 120 feet above the ground. The angle of the elevation

from Aaron to the drone is 45° and from Bill to the drone is 60°. Assuming that the



27.

28.

29.

positions of Aaron and Bill and the point of perpendicular projection from the drone to the
ground form a line, how far are Aaron and Bill apart?
(A)120 — 40v3 (B) 120 — 12043 (C) 120 ++/3

(D) 120V3 (E) NOTA

Solution: Let x be the distance from Aaron to Bill and let y be the distance from Bill to

the projection point of the drone on the ground. Then x + y =120 and y = 120 _

tan 60°
40+/3, and hence x = 120 — 403

Answer: (A)

Let F, be the sequence with F, = F, = 1,F,,, = F,,, + F,. Define a sequence, z,, of
complex numbers by z,, = cos F, + i sin F,,. Which of the following is true for z, ?

(A) Zniz = Zny1 + 2y

(B) Zn+1 = ZZn

(C) Znyo = Zny12Zn

(D) Z% = Zomn

(E) NOTA

Solution:

Zp4o = COSF, 5 +isinF, ., = cos(Fpyq + F,) +isin(F, , +E,)
=(cosF,41 +isinF, 1)(cosE, +isinF,) = z,,12,

Answer: (C)

Let G, be the sequence with G, = 1, G,,,; = 2G,,. Define a sequence, w,,, of complex
numbers by w,, = cos G,, + i sin G,,. Which of the following is true for w,, ?

(A) Wnio = Wyyq + Wy

(B) Whi1 = 2Wn

(C) Wnip = Wyyqwy

(D) Wr% = Wan

(E) NOTA
Solution: w2 = (cos G,, + isin G,)? = cos 2G,, + i sin2G,, =w, 4,

Answer: (D)

Which of the following is equal to cos 2?” ?

V5+1
(A) =

B ©FE  ©FE  ENOTA




T

(Solution) Let 6 = 2? , then 560 = 2w . Since sin36 = sin(2m — 26) = sin 26 and

sin360 = 3sinf —4sin®0, we have 2sinfcosfd = 3sinf —4sin®6, and so 3 —
4sin? @ = 2 cos 6 which yields a quadratic equation 4 cos?8 — 2 cos 8 — 1 = 0. Solving

this equation for cos 8, we obtain the positive value of cos 8 = _1:\/3.
Answer: (B)
30. Evaluate the product: sin10°sin 30°sin 50°sin 70°
A ; ®) 1 © 3, (D) (E) NOTA
8 16 32 64

Solution: sin10°sin 70° sin 30°sin 50°
_ sin10°sin 20°sin 30° sin 40° sin50°sin 60° sin 70° sin 80°
B sin20° sin 40° sin 60° sin 80°
_ sin10°sin 20°sin 30° sin 40° cos40° cos 30° cos 20° cos 10°
~ 2sin10°cos 10° - 2sin 20° cos 20° - 2 sin 30° cos 30° - 2 sin 40° cos 40°

Answer: (B)



